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Modálny MU - kalkuls

Množina formúl:

Φ := Z |Φ1 ∧ Φ2|Φ1 ∨ Φ2|[K ]Φ| < k > Φ|νZ .Φ|µZ .Φ

Z - propozičná premenná
µZ , νZ - operátory pevných bodov
K ⊆ Act

σ ∈ {µ, ν}

Vo formule σZ .Φ je Z viazaná.
Premenná Z je vǒlná, ak nie je viazaná.

Temporálne vlastnosti budeme vyjadrovať pomocou uzavrených
formúl, t.j. formúl, ktoré nemajú vǒlné premenné.
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Modálny MU - kalkuls

Explicitne sme neuviedli tt a ff :

tt
def
= νZ .Z

ff
def
= µZ .Z
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Modálny MU - kalkuls

Nech P je transition closed množina procesov. V ďaľsom budeme v
označeniach vynechávať P.

Ideme definovať P |= Φ

Problematický je pŕıpad P |= σZ .Ψ, keď Ψ obsahuje vǒlnú
premennú Z .

Nepriamo: využijeme ||Φ||P t.j. množinu všetkých procesov z P,
ktoré sṕlňajú Φ.
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Modálny MU - kalkuls

valuácia:

υ : Z 7→ υ(Z ), υ(Z ) ⊆ P

υ[E/Z ]....υ′

υ′ to isté zobrazenie ako υ s výnimkou, že υ′(Z ) = E
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Modálny MU - kalkuls

Pripomenutie:

||[K ]||(X ) = {P ∈ P| ak P
y→ P ′ a y ∈ K tak P ′ ∈ X}

|| < K > ||(X ) = {P ∈ P| existuje P ′ ∈ X , existuje y ∈ K a P
y→ P ′}
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Modálny MU - kalkuls

||Z ||υ
def
= υ(Z )

||Φ ∧Ψ||υ
def
= ||Φ||υ ∩ ||Ψ||υ

||Φ ∨Ψ||υ
def
= ||Φ||υ ∪ ||Ψ||υ

||[K ]Φ||υ
def
= ||[K ]|| ||Φ||υ

|| < K > Φ||υ
def
= || < K > || ||Φ||υ

||νZ .Φ||υ
def
=

⋃
{E ⊆ P|E ⊆ ||Φ||υ[E/Z ]

}

||µZ .Φ||υ
def
=

⋂
{E ⊆ P| ||Φ||υ[E/Z ]

⊆ E}
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Modálny MU - kalkuls

||tt||υ = ||νZ .Z ||υ
=

⋃
{E ⊆ P|E ⊆ ||Z ||υ[E/Z ]

}
=

⋃
{E ⊆ P|E ⊆ E}

= P

||ff ||υ = ||µZ .Z ||υ
=

⋂
{E ⊆ P| ||Z ||υ[E/Z ]

⊆ E}
=

⋂
{E ⊆ P|E ⊆ E}

= ∅
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Modálny MU - kalkuls

Theorem

Ak E ⊆ F tak potom

||Φ||υ[E/Z ]
⊆ ||Φ||υ[F/Z ]

t.j.

f (X ) = ||Φ||υ[X/Z ]

je monotónna funkcia.
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Modálny MU - kalkuls

Theorem

||σZ .Φ||υ = ||Φ[σZ .Φ/Z ]||υ = ||Φ||υ[||σZ .Φ||υ/Z ]
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Modálny MU - kalkuls

Pŕıklad:
Cl = tick .Cl
P = {Cl , tick .Nil ,Nil}
υ0 : Z 7→ ∅
||νZ .(< tick > Z ∨ [tick]ff )||υ0=⋃
{E ⊆ P|E ⊆ ||(< tick > Z ∨ [tick]ff ||υ0[E/Z ]

} = P

lebo:
||(< tick > Z ∨ [tick]ff )||υ0[P/Z ]

=
||(< tick > Z ||υ0[P/Z ]

∪ ||[tick]ff ||υ0[P/Z ]
=

{P ∈ P| existuje P ′ ∈ P,P
tick→ P ′} ∪ {Nil} =

{Cl , tick .Nil} ∪ {Nil}
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Modálny MU - kalkuls

Ľahko sa ukáže, že:

||µZ .(< tick > Z ∨ [tick]ff )||υ0 = {tick .Nil ,Nil}
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Modálny MU - kalkuls

Ak je Φ uzavretá, tak

||Φ||υ = ||Φ||υ′

pre každé υ, υ′.
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Modálny MU - kalkuls

<< >> Φ
def
= µZ .(Φ∨ < τ > Z )

[| |]Φ def
= νZ .(Φ ∧ [τ ]Z )

[| ↓ |]Φ def
= µZ .(Φ ∧ [τ ]Z )

<<↑>> Φ
def
= νZ .(Φ∨ < τ > Z )
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Modálny MU - kalkuls

[|K |]Φ def
= [| |][K ][| |]Φ = νZ .([K ](νY .Φ ∧ [τ ]Y ) ∧ [τ ]Z )

[| ↓ K |]Φ def
= [| ↓ |][K ][| |]Φ = µZ .([K ](νY .Φ ∧ [τ ]Y ) ∧ [τ ]Z )
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Modálny MU - kalkuls

Theorem

Ak P |= Φ potom existuje P ′ také, že P ′ má konečný počet stavov
a P ′ |= Φ.
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Modálny MU - kalkuls

Nech P je množina a nech g : 2P → 2P je monotónne zobrazenie
vzȟladom na ⊆. Potom

- g má najmenš́ı pevný bod vzȟladom na ⊆ daný⋂
{E ⊆ P|g(E) ⊆ E}

- g má najväčš́ı pevný bod vzȟladom na ⊆ daný⋃
{E ⊆ P|E ⊆ g(E)}
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Modálny MU - kalkuls

νg - najväčš́ı pevný bod.

Ideme iterovať.

Nech ν0g = P.

Ak P je post pevný bod t.j. P ⊆ g(P) tak ν0g je pevný bod.

Inak P 6⊆ g(P) t.j. ν0g 6⊆ g(ν0g).

Nech ν1g = g(ν0g).

Ak ν1g je post pevný bod t.j. ν1g ⊆ g(ν1g) tak ν1g = νg

inak ν1g ⊃ g(ν1g) = ν2g

ν0g ⊇ ν1g ⊇ ν2g ⊇ ν3g ⊇ · · · ⊇ ν ig . . .
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Modálny MU - kalkuls

Ak existuje i také, že ν ig = ν i+1g tak je to post pevný bod, t.j.
najväčšie E také, že E ⊆ g(E).

Aj je konečné a obsahuje najviac n procesov, tak takáto iterácia
muśı skončǐt po najviac n krokoch.
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Modálny MU - kalkuls

Pŕıklad:
P = {Cl , tick .Nil ,Nil}

g(X ) = || < tick > Z ||υ[X/Z ]

pre nejaké υ a X ⊆ P.

ν0g = P = {Cl , tick .Nil ,Nil}

ν1g = || < tick > Z ||υ[ν0g/Z ]

|| < tick > Z ||υ[ν0g/Z ]
= || < tick > || ||Z ||υ[ν0g/Z ]

=

|| < tick > ||P = {P ∈ P|∃P ′ ∈ P,P
tick→ P ′} = {Cl , tick .Nil}
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Modálny MU - kalkuls

ν1g = || < tick > Z ||υ[ν0g/Z ]
= {Cl , tick .Nil}

ν2g = || < tick > Z ||υ[ν1g/Z ]
= || < tick > || ||Z ||υ[ν1g/Z ]

=

|| < tick > ||{Cl , tick .Nil} = {P ∈ P|∃P ′ ∈ {Cl , tick .Nil},P tick→
P ′} = {Cl}

ν2g = ||tick > Z ||υ[ν1g/Z ]
= {Cl}

ν3g = ||tick > Z ||υ[ν2g/Z ]
= {Cl}

νn+2g = {Cl}
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Modálny MU - kalkuls

Najmenš́ı pevný bod

⋂
{E ⊆ P|g(E) ⊆ E}

µ0g = ∅

ak g(µ0g) ⊃ µ0g tak µ1g = g(µ0g)

Vo všeobecnosti:

µ0g ⊆ µ1g ⊆ · · · ⊆ µig ⊆ . . .
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Modálny MU - kalkuls

Pŕıklad:
P = {Cl , tick .Nil ,Nil}

g(X ) = ||[tick]ff ∨ < − > Z ||υ[X/Z ]

µ0g = ∅

µ1g = ||[tick]ff ∨ < − > Z ||υ[µ0g/Z ]
= {Nil}

µ2g = ||[tick]ff ∨ < − > Z ||υ[µ1g/Z ]
= {tick .Nil ,Nil}

µ3g = ||[tick]ff ∨ < − > Z ||υ[µ2g/Z ]
= {tick .Nil ,Nil}
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Modálny MU - kalkuls

Theorem

Nech P je množina a nech g : 2P → 2P je monotónne zobrazenie
vzȟladom na ⊆. Potom

µg =
⋃
α∈Λ

µαg

a

νg =
⋂
α∈Λ

ναg

24 / 29



Modálny MU - kalkuls

ν0g = P

ν0g = ||tt||υ

µ0g = ∅

µ0g = ||ff ||υ

ν1g = ||Φ[tt/Z ]||υ

µ1g = ||Φ[ff /Z ]||υ
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Modálny MU - kalkuls

Definujme:
νZ 0.Φ = tt

νZα+1Φ = Φ[νZαΦ/Z ]

νZβΦ =
∧

α<β Φ[νZαΦ/Z ]

µZ 0.Φ = ff

µZα+1Φ = Φ[µZαΦ/Z ]

µZβΦ =
∨

α<β Φ[νZαΦ/Z ]

kde β je limitný ordinál.

Plat́ı:
||

∧
i∈I Φ||υ =

⋂
i∈I ||Φ||υ a ||

∨
i∈I Φ||υ =

⋃
i∈I ||Φ||υ
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Modálny MU - kalkuls

Theorem

Nech g(X ) = ||Φ||υ[X/Z ]
.

Potom pre všetky ordinály plat́ı:
1. ναg = ||νZαΦ||υ
2. µαg = ||µZαΦ||υ

Dôsledok:
P |= νZΦ iff ∀α, P |= νZαΦ
P |= µZΦ iff ∃α, P |= µZαΦ

Navyše kvantifikáciu α môžeme ohraničǐt vělkoštou P(P).
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Modálny MU - kalkuls

Pŕıklad:
νZ . < tick > Z . . . νZ .Φ

νZ 0Φ = tt
νZ 1Φ =< tick > .tt
νZ 2Φ =< tick >< tick > .tt
...
νZ iΦ =< tick >i .tt
νZωΦ =

∧
i∈N < tick >i .tt

t.j.
P |= νZ . < tick > Z ak P tiká večne.
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Modálny MU - kalkuls

Pŕıklad:

µZ .(Φ ∧ [τ ]Z ) . . . µZ .Ψ

µZ 0Ψ = ff

µZ 1Ψ = Φ ∧ [τ ]ff

µZ 2Ψ = Φ ∧ [τ ](Φ ∧ [τ ]ff )
...

µZ iΨ = Φ ∧ [τ ](Φ ∧ [τ ](. . . ))

t.j. P má vlastnošt µZ .Ψ ak [| ↓ |]Φ.
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